We study the possible existence of chiral partners in the spin-3 2 sector of the baryon spectrum. We consider a quartet scheme where four spin-3/2 baryons, P 33 , D 33 , D 13 and P 13 , group into higher-dimensional chiral
Introduction
Chiral symmetry SU (N F ) R × SU (N F ) L and its spontaneous breaking characterize the QCD vacuum, and is a key to understanding the strong interactions. Due to the spontaneous breaking of chiral symmetry (SBCS), the hadron spectrum is classified in terms of the residual symmetry SU (N F ) V , while the role of SU (N F ) R × SU (N F ) L in the hadron spectrum is unclear. Nevertheless, one expects that there exists a set of hadrons reflecting a nature of the original symmetry, which is referred to as chiral partners. Such examples are well-known for mesons, e.g. (σ, π) and (ρ, a 1 ) [1] [2] [3] , while not well established for baryons. As discussed in the meson's case, finding chiral partners provides us with the understanding of the role of chiral symmetry in the hadron spectrum, and also a clue to study the restoration of chiral symmetry. Recently, the multiplet nature of the chiral group draws a renewed attention from an interest in the effective chiral restoration [4] [5] [6] , which was suggested to be the cause of the observed parity doubling in high-energy region of the spectrum [7] .
In the present work, we address the issue of the multiplet nature of the baryon's chiral partners. We denote a chiral multiplet by (I R , I L ), where I R [I L ] is an isospin for SU (2) R [SU (2) L ]. All the members of one chiral multiplet (I R , I L ) have a fixed spin. The correspondence of the charge algebra between SU (N f ) R × SU (N f ) L and SU (N f ) V × SU (N f ) A leads to a relation I = I R ⊕ I L = |I R + I L |, · · · , |I R − I L |. This implies that a chiral multiplet can contain various isospin states. In the presence of the SBCS, the mixing of different chiral representations happens, and a hadron with an isospin I can be described as a superposition of various chiral representations containing I. We are here concerned with the case that a set of hadrons group into one or a few representations even in the presence of the SBCS, or the case where the configuration mixing is small.
In order to find chiral partners, we need to understand the multiplet nature of the chiral group, such as the pattern of the spectrum and coupling constants of the multiplet. Because general relations for masses and axial charges that can be applied to arbitrary chiral representations are not established so far, the properties of the chiral partners are usually studied with focusing on a particular chiral representation. In the meson's case, the properties of chiral partners have been investigated by using e.g. the NJL model [8, 9] and Weinberg sum rules [10] . The NJL model was applied to the nucleon [11] [12] [13] [14] [15] and ∆(1232) [16] by solving the Faddeev equation. We applied the NJL model with diquarks to the nucleon [17] [18] [19] and the Roper resonance [20] , using an auxiliary field method.
However, when we apply such microscopic approaches to a baryon with a mass larger than sum of the masses of the internal degrees of freedom, we encounter the difficulty of the confinement. Due to this difficulty, effective Lagrangian approaches that contain hadrons as degrees of freedom are often employed for the study of baryon's chiral partners [21] [22] [23] [24] [25] [26] [27] [28] .
In recent papers, we have developed a systematic method to construct an effective SU (N f ) R × SU (N F ) L Lagrangian including higher-dimensional representations [29] [30] [31] [32] [33] , which we refer to as a projection method. This method is inspired by an NJL model for mesons, and partly extend it to baryons. In Ref. [29] , we classified baryon fields consisting of three quarks in terms of chiral multiplets. The Pauli principle implemented by the Fierz transformation plays a crucial role in the classification. The projection method is performed as follows.
First we find a chiral invariant operator involving direct products of the quark and diquark fields. This can be achieved by using an analogy between (σ, π) and diquarks in chiral transformation property. Then, we project the direct products of the quark and diquark fields onto irreducible parts with the use of the Fierz identities. After the projection, three-quark fields are replaced by baryon fields. Thus we can systematically construct chiral invariant Lagrangians including higher-dimensional chiral representations, avoiding problems caused by the lack of the confinement. Although such simple effective Lagrangians have limited validity, they are useful for the present purpose to derive the pattern of the masses and coupling constants of the chiral multiplet.
In Ref. [30] , we have applied the projection method to a quartet scheme (QS). The QS was first proposed by Jido et. al. [34] . They used two kinds of (1, 
1) and considered so-called mirror assignment [22, 23, 25] , where four types of baryons, two with I = In the present work, we develop the previous study to find a set of baryons suitable for the chiral quartet of spin-3 2 baryons. Considering J = 3 2 , the quartet consists of P 33 , D 33 , D 13 , and P 13 . Among various candidates for this set, we adopted a particular assignment in Ref. [30] : ∆(1232), ∆(1700), N (1520), N (1720). It is an important question if there is other assignment suitable for the quartet. One interesting assignment is a set (∆(1920), ∆(1940) , N (2080), N (1900)). Glozman mentioned the possibility that the approximate degeneracy of these four baryons is a consequence of the effective chiral restoration [6] . If this is the case, there are two possibilities. The first one is that the four baryons form the chiral quartet. The second one is that two ∆s belong to (
2 ). We can study the first case using the QS Lagrangian. In order to take into account πN interactions in the QS, it is necessary to determine the nucleon's chiral representation. In standard linear σ models of Gell-Mann-Levy type [21] the nucleon belongs to (
In the mirror models [22] [23] [24] [25] [26] [27] , the nucleon is a mixture of two kinds of ( 2 ) ⊕ ( 1 2 , 1) was studied in an algebraic approach [35] [36] [37] and field theoretical approaches [32, 33] . In non-relativistic quark models the nucleon wave-functions also correspond to the mixing of (1,
In the present study, we assume the nucleon to be saturated with the fundamental representation ( 2 ), if the nucleon operator has spatially symmetric property [29] . This paper is organized as follows. In section 2, we define the baryon fields and derive their SU (2) A transformation properties. In section 3, we construct the SU (2) R × SU (2) L Lagrangian, such as mass terms and πN R interactions with the use of the projection technique. Here R denotes the member of the chiral quartet. Although the QS Lagrangian is not new, we generalize the formulation given in the previous study in a assignment-free manner in order make it feasible to test various assignment. With the Lagrangian, we derive several constraints on the properties of the quartet. Because the projection method is complicated, we show an alternative derivation of some of the present results, using chiral algebra in Appendix B. Numerical results are shown in section 4. Considering the masses, we find two suitable assignments (∆(1600), ∆(1940), N (1520), N (1720)) and (∆(1920), ∆(1940) , N (2080), N (1900)). We discuss the properties of the quartet for these cases together with the assignment (∆(1232), ∆(1700), N (1520), N (1720)). The final section is devoted to a summary.
Chiral Properties of Baryon Fields
In this section, we consider baryon fields consisting of three quarks, which serves as a preparation for the projection method. Baryon fields consisting of three quarks in a local form are generally described as
where
T is an iso-doublet quark field at location x, the superscript T represents the transpose and the indices a, b and c represent the color. The antisymmetric tensor in color space ǫ abc ensures the baryons being color singlets. From now on, we shall omit the color indices and space-time coordinates. Γ 1,2 describe Dirac and isospin matrices. With a suitable choice of Γ 1,2 , a baryon field is defined so that it forms an irreducible representation of the Lorentz and isospin groups.
Concerning J = 
and two with I = 3 2 ;
whereq = q T C(iτ 2 )γ 5 is a transposed quark field. Here we employ an isospurion formalism [38, 39] for an isospin-
In the present work, we consider only on-shell spin- 3 2 states. In order to consider off-shell spin-3 2 baryons, we need to employ the non-local projector instead of the local one [40] [41] [42] [43] .
Note that the baryon fields Eqs. (2) are not independent [44] [45] [46] . In addition, they belong to reducible chiral representations, which leads to unphysical mixings of different chiral representations [29] . The cause of the unphysical chiral mixings is the fact that Eqs. (2) are not totally anti-symmetric; they are anti-symmetric only for the interchange between the first and second quarks. Considering the Fierz transformation as the anti-symmetrization of the second and third quarks, we obtain the totally-antisymmetric baryon fields
These totally-antisymmetric combinations belong to the irreducible chiral multiplet [29] . The derivation of Eq. (3) is shown in Appendix A.
With the baryon fields consisting of the quark fields, it is straightforward but tedious task to derive their SU (2) A transformations by using that of the quark field : δ a 5 q = 1 2 ia · τ γ 5 q with a being the infinitesimal parameters for SU (2) A . We obtain
which contain off-diagonal terms δ
as well as the diagonal ones. They restrict possible chiral invariant terms, similar to the case of (σ, π) in the linear sigma model.
For later convenience, we define diquark fields contained in the spin-3 2 baryon fields: a Lorentz vector isoscalar diquark V µ (I(J)
It is easy to check that V µ and A µi correspond to σ and π mesons in chiral transformation properties, which is a key of the projection method.
We introduce the other set of (1, 
This property is referred to as the mirror assignment [25] , and we refer to (N 
where the indices R and L denote the left-and right-handed projection with the projection operator P R,L = (1 ± γ 5 )/2. The right-handed parts of N 
where D µ denotes a covariant derivative. The mirror fields N 
Lagrangian
Now, we proceed to the construction of the SU (2) R × SU (2) L Lagrangian. It is straightforward to show the chiral invariance of the kinetic terms:
. In order to find interaction terms for higher-dimensional chiral multiplets, it is useful to employ the projection method.
Mass terms and πRR terms
The vector and axial-vector diquarks belong to the chiral multiplet ( 
Obviously, the following combination of these two terms is also a chiral scalar,
This term contains the direct products of the quark and diquark : V µ q and A µi q. They are decomposed into the irreducible parts as
Substituting Eqs. (10) into the chiral invariant term (9), we obtain
where we omit J = 1 2 terms, which contain the Gell-Mann-Levy type interaction with local nucleon operators
The transition terms between J = 
, its partner ∆ µi 1 has the mass of 2 × 1520 ∼ 3000 MeV. We do not find a baryon suitable for this mass relation in the experimental data [47] .
There are several directions to solve this mass problem: the inclusion of higher order terms in the Lagrangian and of higher-order diagrams, the extension of the chiral basis such as (
2 ) and of the mirror assignment. It was shown [34] that the inclusion of the mirror assignment reasonably reproduces the masses and some properties of observed baryons. Using Eq. (7), we find a chiral invariant interaction term
which is almost the same as Eq. (11). The difference appears in the signs of the terms accompanying π (U 5 → U † 5 ), which is a feature of the mirror assignment [25] .
Considering Eqs. (4), (6) and (7),∆ 1R ∆ 2L +N 1R N 2L is chiral invariant, which leads to the following term,
which describes off-diagonal mass terms between N The parameter m 0 describes a chiral scalar, so called mirror mass [25] .
The mass terms included in
MRR + L RR are rewritten in the following matrix forms
Because of the off-diagonal terms in these mass matrices, physical states and their masses are obtained through the diagonalization of the mass matrices. Note that the mass eigen-values can take both positive and negative values.
A state with a negative eigen-value can be transformed into a state with a positive mass, but has opposite parity to the original state. It is carried out by multiplying a state having negative mass by γ 5 [25] . In the present paper, we consider the case that two states form a pair of positive and negative parity states both in ∆ and N * sectors.
For the ∆ part in Eq. (14), we obtain the mass eigen-values of two ∆ states
and the eigen-states
Here we define ∆ µi + and ∆ µi − as positive and negative parity states, respectively, where the indices ± denote the parity. Hence ∆ µi + and ∆ µi − are identified with ∆(P 33 ) and ∆(D 33 ), respectively. Note that γ 5 in Eq. (16b) appears due to the parity redefinition. Similarly, for N * part, we obtain the mass eigen-values
and the eigen-states (18b) appears due to the parity redefinition. The four masses m ∆ ± and m N ± are given by the three parameters g 1 , g 2 and m 0 , which offers constraints on the four masses [34] ,
The inequality in the first line of Eq. (19) is controlled by m 0 . Thus, the mass splittings and average masses are determined by chiral symmetry and the mirror mass m 0 .
It is worthwhile considering the correspondence between the basis states and the physical states. Obviously, the mixing angles vanish in the absence of the mirror mass; θ N , θ ∆ → 0 for m 0 → 0. In this limit, the naive and mirror sectors decouple, and the physical states correspond to the basis states :
. It should be noted that the decoupling of the two sectors does not violate chiral invariance. Contrarily, the two sectors are maximally mixed in the m 0 dominant case :
The Lagrangians (11) and (12) contain the one-pion interaction terms between the spin-3 2 baryons (πRR) as well as the mass terms. Having the four spin-3 2 baryons, there are ten coupling constants g πRR ; four diagonal and six off-diagonal terms. All the ten coupling constants are functions of g 1 , g 2 and m 0 , which are determined by the masses. It is straightforward to derive the πRR coupling constants, g πRR from Eqs. (11) and (12) . For ∆ part, we
Here P and P ′ denote parity, i.e., P, P ′ = + or −, and Γ 5 = 1 for P = P ′ and γ 5 for P = P ′ . For N * part, we obtain
In order to understand the features of g πRR , it is useful to consider the axial-charges, which are obtained by the Noether theorem
In the limit θ N,∆ → 0 (m 0 → 0), the absolute values of the parity-non-changing interactions reach the maximum values: |g
, while the parity-changing terms vanish g
The mixing angles larger, as m 0 becomes larger. Since the naive and mirror sectors have the opposite axial-charges, the mixing of the two sectors suppresses the parity-non-changing interactions and enhance the parity-changing interactions. In the m 0 -dominance, the parity-non-changing interactions vanish
→ 0, while the parity-changing terms reach the maximum values |g
and |g
. Of course, g πRR have the same features as the axial-charges due to the Goldberger-Treiman (GT) relations:
Interaction with the nucleon
Next, we construct the interactions between the nucleon (N ) and the chiral quartet. As we have discussed in the introduction, we assume that the nucleon belongs to (
With the nucleon's chiral multiplet, we can classify the products of the chiral properties of N ⊗ ∆:
where we omit four-meson terms (1, 1) and We find two chiral scalars σV µ + iπ · A µ andN U 5 q. Multiplying them, we find two chiral invariant terms;
Using Eqs. (10), we obtain the chiral invariant interaction terms between N and (N
where the dimensional parameter Λ [mass] is introduced to keep the coupling constants g 3 and g 4 dimensionless.
We also introduce shorthand notations O n (n = 1, · · · 4) for mesonic operators
One may think it possible to construct similar interaction terms for the mirror fields by the replacement Eq. (7).
However, such terms are forbidden by chirality conservation, as is shown in Eq. (23) 1 . The mirror fields have one-meson interactions with the nucleon. It can be constructed by using the chiral invariant operators
where O 5 and O 6 are also mesonic operators,
In the mass basis,
MN R is rewritten as
which contains several kinds of the interaction terms, πN R, ππN R, σN R and σσN R. Among them, we consider πN R and ππN R interaction terms in order for the comparison with experiments. The πN interactions of the 1 It can be shown explicitly. For example, the first term in Eq. (24a) is rewritten in terms of left-and right-handed parts of the fields as 
where the coupling constants g πN N * ± and g πN ∆ ± are given by
Four g πN R are expressed in terms of three parameters g 3 , g 4 and g 5 , which leads to one identity
Here it must be noted that the derivation of the πN interactions is based on the assumption of the nucleon's chiral multiplet. If the nucleon together with the negative parity resonance group into (
2 ) with the mirror assignment, we can include three additional interactions, which spoils the constraint Eq. (28). Another possibility is that the nucleon contains (1, (28) is one of the most strict constraint. The point is that it is possible to improve this result without changing the masses and πRR interactions of the quartet.
We obtain two-pion interaction terms
with ∆-sector Since the two-pion coupling constants g ππN R contain only g 3 and g 4 , their strengths are determined by the πN coupling constants through
)/(cos θ N + sin θ N )). Furthermore, g ππN R are proportional to either (g 3 + g 4 ) or (g 3 − g 4 ), which provides a selection rule; either ππ isoscalar or isovector interaction is suppressed each for N * ± , and either the isovector or isotensor interaction is suppressed each for ∆ ± .
Using the SU (2) R × SU (2) L Lagrangian, we have derived several constraints on the properties of the chiral quartet. We concentrate on the construction of the lowest-order terms and the derivation of the chiral constraints at tree level. In general, it is possible to insert chiral invariant operators such as (σ 2 +π 2 ) n into the chiral Lagrangians we derived. However, those terms does not change the above constraints and can be absorbed into the parameters.
Regarding the πRR interactions, it is possible to include additional interaction term with a derivative [25] . The constraint for the πN R interactions rely on the assumption of the saturation of (
2 ) in the nucleon. The inclusion of (1, Table 2 and 3. Considering the sates listed in (1) and (2) . The data are taken from PDG [47] . The values in the bracket for m (2), we use the data in Ref. [48] .
Results
∆ (1232) Table 3 : Data for masses, πN decay widths and πN coupling constants of the observed states used in the cases (3-1) and . See also the caption of Table 2 . N (1900) ). Although the case (1) was studied in Ref. [30, 34] , we reanalyze this case with the use of the different method for the determination of the parameters. As we will show, the case (2) N (1900) ). Because of a variety in the data, we consider two cases, (3-1) and (3-2), for this assignment, using two different data sets shown in Table 3 . There are three other assignments that reproduce the masses with χ N (1720) ). We concentrate on the above four cases in the present work. Instead of discussing all of them, we discuss the general behaviors of the QS later. Results for the masses are shown in Table 4 . For the case (1), the present result differs from the previous study [30] , which is due to the difference of the method to determine the mass parameters. In Ref. [30] , we adopted the minimization of a standard deviation
while we employ χ 2 -minimum method in the present work. These two methods differ in how ∆(1232) are included in the fitting procedure, because the error of the observed ∆(1232)'s mass is much smaller than those of the other three states. We found χ 2 mass amounts to 60, which is significantly large. It is favorable for the QS that the masses of the ∆ ± are larger than those of N * ± , as shown in Eqs. (19) . The mass of ∆(1232) is much smaller compared with other spin-3 2 baryons. This causes the significantly large discrepancy. We also found that χ 2 mass becomes larger if assignments include ∆(1232) as a member of the quartet, which implies that the mass of ∆(1232) is too small for the QS.
The cases (2), (3-1) and (3-2) are new in this work. The case (2) is the best assignment for the quartet with χ 2 mass = 0.0025, which is the smallest value among χ 2 mass for 36 possible assignments. For ∆(1940) in this case, we use the data by Horn et. al. [48] . We confirmed that the result for (2) is insensitive to the choice of the data for ∆(1940). The cases (3-1) and (3-2) also reproduce the masses of the quartet with χ 2 mass = 0.26 and 0.045, respectively. Table 5 : The one-pion coupling constants between the the members of the quartet, g πRR . The values of the parameters are shown in Table 4 .
Case (1) Case (2) Case (3-1) Case (3-2)
Once the masses are determined, we obtain the one-pion coupling constants between two members of the quartet, which are shown in Table 5 . First, we consider qualitative features of the one-pion coupling constants. It was found [34] that in the case (1) the parity-non-changing interactions vanish, while the parity-changing interactions remain to be finite. However, even for the parity-changing interactions, their strengths are smaller than a typical order of one-pion interactions e.g. g πN N ∼ 13 [18] . On the other hand, g πRR behaves in an opposite way in the case (2). All of the coupling constants survive in the case, where the parity-changing interactions are suppressed compared to the parity-non-changing ones. In addition, diagonal coupling constants are comparable to g πN N , e.g.
g π∆−∆− = 11. Interestingly, the cases (3-1) and (3-2) show different results, although they are the same assignment. This is caused by the difference of the ordering of the masses of the quartet, especially that of ∆(1920) and N (2080). We turn back to this point later.
Among various coupling constants, g π∆(1232)∆(1232) are investigated in several approaches. Quark models [52] and large N c [53] predict large values, especially, g With regard to the πN coupling constants g πN R , we need to determine three parameters g 3 , g 4 and g 5 .
Since g πN R are the functions of g 3 , g 4 and g 5 , we can determine them by χ 2 -minimum method with χ
πN R and δg (exp) πN R are the average and errors of the coupling constants determined from the experimental πN decay widths. We obtain them by using a relation g πN R in Table 2 and 3 are our assumption. The result is shown in Table 6 .
The case (1) reproduces the reasonable values for the four g πN R with small χ 2 πN R , which are almost within the ranges of the experimental values. In the case (2), χ 2 πN R value is significantly large. The discrepancy is mostly caused by the small values of the πN decay width of ∆(1600) and ∆(1940). In the QS, it is favored that the average values of g πN R between ∆ ± is larger than that between N * ± , as is shown in Eq. (28) . Because of the same reason, χ 2 πN R is large for the case (3-1). We obtain reasonable results for the case (3-2) with small χ 
Mass pattern and one-pion coupling constant
The quartet scheme shows two different behavior for the one-pion coupling constants, as shown in Table 5 . Especially, the assignment (∆(1920), ∆(1940) , N (2080), N (1900)) shows two different behavior, depending of the choice of the experimental data. Equations (21) shows that the one-pion coupling constants are controlled by the mixing angles. The cases (1) and (3-1) correspond to the maximally mixing with the angles θ N,∆ = 45
• , while the cases (2) and (3-2) correspond to moderate mixing. Since the mixing angles are the functions of m 0 and (g 1 − g 2 )f π as shown in Eqs. (16) and (18), we can understand the behavior of the one-pion coupling constants, comparing m 0 with (g 1 − g 2 )f π . These parameters also determine the masses of the quartet. Therefore, we can relate the masses to the one-pion constants. Small values of m 0 do not change this ordering, which corresponds to the left panel in Fig. 1 . When m 0 becomes much larger, the ordering is changed and ∆ + becomes lowest-state. The cases (1) and (3-1) correspond to the mass pattern shown in the right panel in Fig. 1 , while the cases (2) and (3-2) correspond to the left panel. Actually, m 0 is not small in the cases (2) and (3-2), but comparable to (g 1 − g 2 )f π . However, the left panel in Fig. 1 well described the mass pattern of these cases. Using Eqs. (16) and (18) N (1720) ). According to the above discussions, the first and second cases correspond to maximally-mixing with the vanishing of the paritynon-changing interactions, while all the coupling constants survive in the third case.
Summary
We have investigated the possibility that chiral partners exist in spin- For the case (1) we found that there is significant discrepancy for the masses, which implies the mass of ∆(1232) is too small for the quartet scheme. In addition, the vanishing of g π∆(1232)∆(1232) inconsistent with other theories. Considering the discrepancy for the masses and the inconsistencies of g π∆(1232)∆(1232) , it seems that this case is less suitable for the quartet. It is important to extend the present framework with the inclusion of higher-dimensional chiral representations for the nucleon. For the πN interactions with the quartet, we adopted the assumption that the nucleon belongs to the fundamental chiral representation. There are other possibilities for the nucleon's chiral representation. Hence, the disagreements for the πN interactions may come from this assumption and can be resolved by including higher-dimensional chiral representations for the nucleon. Furthermore, it may be possible to test the nucleon's chiral representations through the πN interactions with the quartet, if we can confirm the QS by using the one-pion interactions for the quartet.
In the present study, we employed the effective Lagrangian approach, where we truncated higher-order terms in the Lagrangian and we neglected quantum effects. With the high-lying baryons in the multiplet, we need to include various resonances in order to evaluate the quantum effects properly, which would cause additional difficulties.
Rather, it is desired to reproduce and confirm the present result using different method. For instance, an algebraic method proposed by Weinberg is one of the useful method to study chiral partners. This method is based on the commutation relations derived from the superconvergence property of pion-nucleon scattering amplitudes, and can be applied to baryons [35] [36] [37] . We have already started a study along this line in Ref. [32] .
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A Fierz Transformation
We show the derivation of Eqs. (3). We define totally anti-symmetric fields as linear combinations of Eqs. (2) 
The coefficients a N and a ∆ are determined by the totally anti-symmetric condition, which is implemented by the anti-symmetric condition under the interchange between the second and third quark is given by 
which reduce the number of the independent fields [29, [44] [45] [46] . 
B Alternative derivation of chiral properties
We show an alternative derivation of the chiral transformation properties of (1, 
where we have defined δ 
Employing an isospurion formalism, I = 
Here note that the coefficients differ from Eqs. (4). This is because ψ 1/2 and ψ Considering the I z =
